Light focusing is the fundamental feature of numerous applications, ranging from optical microscopy, lithography, optical data storage, material processing to optical trapping and manipulation. [1] [2] [3] [4] [5] [6] In principle, the polarization properties of the incident beam play an important role in determining the size, shape, and polarization of the focal field; for instance, a highly focused laser beam creates distinct features on materials depending on the handedness and spatial polarization of the laser beam, thus leading to direct laser-machined structures on a subwavelength scale. 1, 4, 5 Moreover, the spatial intensity distribution at the entrance pupil of the focusing lens also notably affects the field near the focus. One of the prominent examples is the scanning microscope based on the flat lens where the central region is opaque, which helps to produce a deep subwavelength needle with long focal depth and allows for mapping the horizontal details of a 3D object with a rugged surface. 3 In general, directly focusing of the laser beam usually leads to limited optical patterns with a full width at half maximum (FWHM) above the diffraction limit 1 and short focal depth, 7 especially for the light with the spatially homogeneous polarization and intensity profile. Therefore, diffractive optical elements (DOEs), which introduce the appropriate phase or amplitude modulation, are widely employed in beam shaping. The spatial light modulator (SLM) is one of the most common devices for phase and amplitude modulation. 8, 9 However, constrained by the micron-sized pixel size of SLM, beam shaping at the wavelength scale is unattainable by using SLM. [8] [9] [10] Moreover, nanostructured metalens and diffractive optical elements (DOEs) have also been extensively investigated for light focusing on a subwavelength scale. 2, 3, 7 Nevertheless, beam shaping based on metalens and DOEs requires intricate design and precise fabrication of additional nanostructures, which incur high costs in time and resources. Hence, beam manipulation via directly focusing the laser beam without fabricating additional optical elements will be of great interest in various applications.
A vector beam with Bessel-Gaussian (BG) distribution, which can be experimentally generated via many existing approaches, 11, 12 has been approved to be one of the vector solutions to the Helmholtz equation under the paraxial approximation. 13 Its properties such as amplitude and polarization profiles can be tuned by modifying its order n, transverse wave number b, and beam waist w 0 . Naturally, a phase difference p between neighboring rings inherently exists in vector multi-ring-shaped (MRS) BG beams. Hence, such a MRS beam with its distinctive phase and amplitude modulation offers exceptional benefits for beam shaping. This offers an inartificial approach to realize both fabrication-free and dynamic engineering properties during the generation of several optical patterns. In this letter, an efficient approach to experimentally generate vector BG beams is demonstrated. We employ the vector diffraction theory to study beam manipulation via tuning n, b, and w 0 of vector BG beams. It is illustrated that a bottle-hollow or bottle beam 14, 15 and focal spot can be produced by directly focusing the BG beam. Moreover, a subwavelength optical needle can also be generated by properly choosing the beam parameters. The map describing the focusing properties of the vector BG beams provides a complete illustration of the optical patterns in the focal region. This efficient beam shaping approach enabled by focusing vector BG beams may find applications for optical manipulation both in physics and biology.
For the convenience of studying cylindrical vector (CV) beams with rotational symmetry, the electric field of cylindrical vector beams can be expressed in a cylindrical coordinate Published by AIP Publishing. 111, 031103-1
where the polarization order n is an integer, u 0 is the initial polarization angle and taken as zero in this letter, and Aðr; z 0 Þ is the amplitude factor. 11 At z 0 ¼ 0, we have Aðr; 0Þ ¼ exp ðÀr 2 =w 2 0 ÞJ n ðbrÞ, where w 0 is the waist radius, b is the transverse wave number determining the beam profile, and J n is the n-order Bessel function of the first kind. Figure 1 (a) schematically depicts the experimental setup to generate CV beams. A laser beam (k ¼ 532 nm) with linear polarization is first expanded and collimated. The resulting light with linear polarization is then converted to a CV beam by using a radial polarization converter (RPC); 16 meanwhile, the beam width can be dynamically controlled by the iris aperture. The far-field radiation patterns of the vector CV beam are experimentally recorded by using the charge-coupled device (CCD) and illustrated in Figs. 1(b) and 1(c), where single-ring-shaped (SRS) and MRS beams with good rotational symmetry are presented. In order to reveal its polarization status, another linear polarizer P 2 is employed in the experiment. By rotating P 2 , the optical fields under different rotating angles are recorded by using the CCD and displayed in Figs. 1(d)-1(g), which help to identify the radial polarization. Although only beams with one and two rings are depicted here, CV beams with different rings can be generated with the same setup by tuning the iris aperture. It differs from the traditional methods based on the metasurface where the output beam is settled once the device has been fabricated. 2, 3 In order to further illustrate the properties of the CV beam, Figs. 2(a)-2(c) display the polarization and intensity profiles of the vector beam for n ¼ -1, 1, and 2, respectively. As one kind of vector vortex beam containing the spin and orbital angular momenta, 13, 17 the CV beam has an annular intensity distribution in the transverse plane, where the dark region at the center denotes a polarization singularity. The topological charge of the CV beam can be illustrated via the arm number of spirals generated by the interference with a co-propagating spherical beam, as shown in Figs. 
2(d)-2(f).
A p phase difference is identified between the adjacent rings as shown in Figs. 2(a)-2(c) . Conventionally, the binary phase mask should be introduced to generate a p phase difference to make constructive or destructive interference occur in the desired region. 7, 15 However, the CV beam comes very naturally with unique phase properties, i.e., two neighboring rings having the phase difference of p. Moreover, we observe that the intensity in the innermost ring of the MRS beam is the strongest, whereas it decreases rapidly in the rings further away from the beam center. Hence, such a MRS beam with its distinctive phase and amplitude modulation offers exceptional benefits for beam shaping by tuning its intrinsic properties such as n, w 0 , and b.
Based on the distinct properties of the MRS beam introduced above, it is interesting to study how the intrinsic phase and amplitude modulation will affect its focusing properties. Figure 3(a) illustrates the schematic of focusing the BG beam with a high numerical-aperture (NA) lens. Various optical patterns (e.g., optical null field, needle, and hotspot) are expected to be generated in the focal region. According to Richards and Wolf's theory, 18 the vector fields in the focal region can be written as
E z ðr; u; zÞ ¼ À2Ci
where AðhÞ ¼ ðcos hÞ À3=2 is the apodization factor of the aplanatic lens, 1,13 C is a constant, sin a ¼ NA, and J m ¼ J m ðkr sin hÞ. The pupil function of the incident beam is PðhÞ ¼ exp ðÀc (4), it can be found that the focused BG beam with n 6 ¼1 results in asymmetric beams at the focus due to the complex polarization states of the incidence (see Fig. S1 in the supplementary material) . In contrast, the vector BG beam with n ¼ 1 leads to a symmetric light field. Mathematically, Eq. (1) reduces to the wellknown radially polarized CV beam when n ¼ 1. It is well known that the SRS radially polarized CV beam results in a sharp hotspot with a strong longitudinal component if directly focused by a high-NA lens. 19 However, it is found that focused MRS beams also lead to a bottle-shape beam. Hence, it is of vital importance to fully study the focusing properties of the vector CV beams with different n, w 0 , and b values. In this study, we restrict our studies to the vector BG beam with n ¼ 1, as rotational symmetry is highly desired in many practical applications.
Before we study the focusing properties of the SRS beam and the MRS beam, it is necessary to mathematically differentiate SRS and MRS beams. Fig. 3(b) , the field intensity along the radial direction is first normalized to the maximum; then, the values of the FWHM at these points are measured at half maximum. It can be inferred that the fields at points A and B are hotspots, while there is a null field at point D. It should be addressed that the FWHM at point C is not included in our study as w 0 and b at this point will lead to saddle-shaped distribution, which is beyond the scope of interest here.
In addition to the selected points A, B, C, and D in Fig.  3(b) , it can also be observed that the values of the FWHM change progressively in accordance with w 0 and b. From the colorbar in Fig. 3(b) , we note that the FWHM of the hotspot at the focus in some regions of I is at the subwavelength scale. Obviously, the subwavelength hotspot achieved with this mechanism differs from the spot obtained with superoscillatory lens having a smaller hotspot at the cost of highintensity sidelobes. 20 Nevertheless, there is a white region II where the choice of w 0 and b gives rise to a focal field with saddle-shaped distribution which is neither a hot spot nor the optical null field. It is obvious that Fig. 3(b) , which presents the focusing properties of vector BG beams with various w 0 and b values, can serve as a full guideline for choosing BG beams in real applications. Instead of exchanging the focusing lens or designing another mask, 5 our scheme unambiguously shows that the pattern of the focused spot can alternately be varied by tuning the profiles of the incident light.
Furthermore, the axial performance of the focused vector BG beams is also presented in Fig. 3(c) . The field intensity profiles along the optical axis at points A, B, C, and D are also plotted at the top right corner for showing their differences. It is evident that the focused BG beam at point A has a Gaussian on-axis distribution similar to its lateral or transverse intensity. At point B, however, the on-axis intensity has a flat top shape, which differs from a hotspot in Fig. 3(b) ; this implies that BG beams in this region can lead to a subwavelength needle that means a long focal depth and uniform axial intensity distribution without resorting to conventional phase or amplitude masks. 21 In order to clearly show the properties of the focal field, the field intensity distributions of the optical needle along x-y and y-z planes are depicted in Figs. 4(c) and 4(d) . Meanwhile, the field intensity of the hotpot in the x-y plane is plotted in Fig. 4(e) . According to the FWHM of the needle and hotspot along radial and axial directions [ Fig. 4(f) ], the FWHM of the focal spot is estimated as 0.47k. The axial and radial FWHMs of the needle are 3.02k and 0.75k, respectively. This kind of needle may benefit many applications which require a long depth of focus.
3 Similar to Fig. 3(b) , a white region II and another two regions (I and III) which correspond to those marked in Fig. 3 (b) are also identified in Fig.  3 (c). It should be further emphasized that the longitudinal FWHM along the optical axis is larger than the lateral one. Usually, the lateral resolution in microscopy is proportional to 1/NA, while the axial resolution is proportional to 1/NA 2 . 6, 15 According to Ref. 15 , a similar mechanism can be applied to tune the size of the optical pattern by exchanging the NA of the focusing lens. In the case of the MRS beam, the focal field is a bottle beam when focused by high-NA lens, as shown in Fig. 4(a) . However, if the NA of the lens is small, for example, 0.01 in Fig. 4(b) , the focal field turns into a bottle-hollow beam with a length on the scale of mm.
Combining the results in Figs. 3 and 4 , we can infer the following about the focusing properties of various vector BG beams:
• For a SRS beam (e.g., point A), its focused pattern at the focal plane always leads to a hotspot. The subwavelength hotspot can be obtained by properly tuning the beam waist and transverse wave number.
• For the MRS beams with parameters located in region I (e.g., point B), an optical needle with uniform axial intensity distribution and subwavelength lateral size can be obtained.
• For the MRS beams with parameters located in the white region II (e.g., point C), a saddle-shaped intensity profile lying between the needle and the null field is generated.
• For the MRS beams with parameters located in region III, which contain a vast majority of all the vector BG beams, each of their optical patterns in the focal region yields a null field as shown in Fig. 3 .
In summary, we have employed the vector diffraction theory to study beam shaping by focusing vector BesselGaussian beams with different topological charge n, transverse wave number b, and beam waist w 0 . We have shown that the bottle-hollow beam, bottle beam, and focal spot can be created by dynamically engineering vector Bessel-Gaussian beams. A subwavelength optical needle can also be generated by properly choosing the beam parameters. The map describing the focusing properties of the vector Bessel-Gaussian beams provides a complete illustration of the optical pattern in the focal region. The proposed scheme of directly focusing the vector beams without fabricating additional optical elements may find interesting applications both in physics and biology.
See supplementary material for the focusing properties of vector BG beams with different n, the intensity profiles, and focusing properties of BG beams at ABCD. 
